A volume-of-fluid numerical method is used to predict the dynamics of drop formation from a nozzle with a circular exit, directed vertically downwards in air, when the drop fluid is shear-thinning. The validity of the numerical calculation is first confirmed for a Newtonian fluid by comparison with experimental measurements. For the cases considered, predictions for a shear-thinning drop fluid result in more rapid pinch-off and a smaller final neck length consistent with a related study of liquid bridges.
1 Introduction C407 boundary integral solutions of potential flow [11] and Stokes flow [14] , and finite element [12, 2] and volume-of-fluid [6, 15] solutions of the full NavierStokes equations.
Thus far, most studies of drop formation and pinch-off concern Newtonian liquids. However, in many practical circumstances (for example, ink-jet printing, biological fluids), the drop fluid is non-Newtonian in character. The evolution of a pendant drop of visco-elastic fluid has been studied experimentally by Amarouchene et al. [1] and more comprehensively by Cooper-White et al. [4] . Yildirim and Basaran [13] used a finite element numerical method to examine the deformation and breakup of Newtonian and shear-thinning liquid bridges contained between two disks, a problem closely related to that of the pendant drop. However, there appears to be no published numerical study of the evolution of a pendant drop of non-Newtonian liquid. The aim of the present work is to demonstrate the use of a volume-of-fluid (vof) numerical method to predict the growth and eventual pinch-off of a pendant drop of shear-thinning liquid.
Formulation
The growth of a pendant drop into ambient air from a nozzle of internal diameter 2a and external diameter 4a is considered (Figure 1 ). The mean inflow velocity of the liquid entering the drop from the nozzle is denoted byV . The liquid is assumed to wet the nozzle so that the liquid-air interface is attached at the outer diameter of the nozzle. Axi-symmetric evolution of the drop is investigated from a stable initial state (Figure 1(i) ).
In terms of dimensionless velocity, length and time, scaled according toV , 
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a and a/V , respectively, the equations of motion for a vof calculation are
where C is a fractional volume function, P denotes pressure, τ is the viscous stress tensor,ĝ is a unit vector pointing in the direction of gravity and F S is the surface force arising from interfacial effects. The subscripts 1 and 2 denote values for the liquid (drop) phase and air phase, respectively. The fractional volume function C is advected with the local velocity U . The above equations correspond to the flow of a mixture with variable properties (density and viscosity), combined with advection of the volume fraction. The mixture takes the properties of the liquid within the drop and those of air within the surroundings, with a volume fraction weighted average in computational cells containing the interface. The interface position is determined implicitly at any time by consideration of the volume fraction distribution.
The Carreau model of a shear-thinning fluid is used here for the drop fluid. This model gives an expression for the liquid viscosity (µ 1 ) which varies smoothly from its value at zero shear rate (µ 10 ) to a lower value at very large shear rate (µ 1∞ ). If we use µ 10 as the viscosity scale for the nondimensional problem, then the dimensionless Carreau viscosity
whereγ is the dimensionless shear rate, λ is a dimensionless time constant, η ∞ = µ 1∞ /µ 10 and n < 1 . Note that n = 1 corresponds to a Newtonian fluid. The shear rate isγ
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which derives from its expression in terms of the second invariant of the rate of strain tensor [3] .
The dimensionless parameters in Equations (1-3) are the Froude, Weber and Reynolds numbers respectively:
Here, σ is the coefficient of surface tension between the liquid and the air, and g is the acceleration due to gravity.
The computational domain containing the drop is taken to be a cylindrical region about the axis of symmetry, with a top boundary which is impervious except for an inlet disc r < a coinciding with the nozzle exit. As in [6] , the vertical (inflow) velocity profile at the inlet is taken to be a linear function of radius, with the same linear velocity profile at the bottom of the computational domain to conserve the total volume of fluid therein. The results are not sensitive to the choice of velocity profile. Zero normal gradients in C are set at the boundaries of the computational domain except at the inlet where C = 1 . Free slip velocity conditions are taken at the radial boundary of the domain; however the choice of slip or no-slip there is irrelevant since the fluid at this boundary is entirely air, the dynamics of which is unimportant.
The stable drop shape used as an initial condition was determined in a separate flow calculation with zero inflow at the nozzle, beginning with a drop shape of known volume (in dimensionless terms, we choose 40π/3, corresponding to a cylinder of radius 2 and height 2, capped at its base by a hemisphere of radius 2). This pre-calculation of drop shape readjustment was continued until a stationary configuration was achieved, representing an equilibrium between gravitational and surface tension forces.
The vof algorithm of Rudman [10] was adapted to solve Equations (1-3) for shear-thinning fluids. The semi-implicit time stepping procedure of Li and Renardy [8] was incorporated to remove the diffusion time step limitation C411 in the explicit Rudman algorithm; this is essential for calculating very low Reynolds number flows. Axi-symmetric flow calculations were performed in cylindrical polar coordinates on the symmetric half of a computational domain having radius 4a (that is, twice the outer radius of the nozzle) and height 16a (24a, 32a). A 64 × 256 (64 × 384, 64 × 512) staggered grid is used. The longer computational domains become necessary when the initial liquid viscosity is increased. Finally, the radial velocity in the top row of cells for r > a was set to zero to numerically pin the contact line at the edge of the nozzle.
Results and Discussion
To test the validity of the numerical calculation, predictions of drop shape are compared with corresponding photographic images of a Newtonian drop in an experiment for which ρ 1 = 1126 kg/m 3 , µ 1 = 0.006 Pa s, σ = 0.07 N/m. The nozzle inner radius a = 1 mm and the volumetric flow rate of liquid is 74 ml/hr, giving a mean inflow velocityV = 6.54 mm/s. The corresponding values of the dimensionless groups are Re = 1.25 , We = 0.000687 , Fr = 0.00437 . We also set the air/liquid ratios ρ 2 /ρ 1 = 0.001 and µ 2 /µ 10 = 0.003 . Two other commonly used dimensionless groups are the Ohnesorge number Oh = We Figure 2 shows the comparison between predicted and observed drop shapes for the above-mentioned experiment. To synchronise the predicted and photographic images, we have assumed that the moment of pinch-off occurs physically when the calculated minimum dimensionless thickness of the neck is 0.01 which is the approximate resolution of the grid. The vof numerical method is not sufficiently accurate to precisely resolve the moment of pinch-off; however, Figure 2 shows that the overall detail of the drop shape (including neck and the satellite drop formation) are closely reproduced. In- creasing the mesh size density from 64 × 256 to 96 × 384 resulted in negligible changes to the predicted drop shapes.
The effect of reducing the zero shear viscosity (reducing Oh) or η ∞ (the infinite shear/zero shear viscosity ratio) on the minimum neck width is shown in Figure 3 as a function of time. The values of We and Fr in these and all subsequent calculations are the same as in the experiment. When η ∞ is less than 1.0 (η ∞ = 1 is the Newtonian case), the liquid viscosity decreases from its initial (zero shear) value as the drop evolves. Decreasing either Oh or η ∞ , keeping the other fixed, results in more rapid thinning of the neck (although the effect is small for Oh = 0.2). This occurs because the normal viscous stresses act to reduce the liquid pressure at the neck where it is a C414 maximum, so that reducing the viscosity increases that pressure which, in turn, increases the drainage of the neck liquid. This effect of viscosity has been noted in relation to Newtonian drops [12] and liquid bridges [13] . The larger effect of shear thinning when Oh = 0.02 may seem surprising since one would expect the effect to become small when Oh is small (that is, when the effect of viscosity is small compared with that of surface tension) [13] . However further work (not presented here) shows that the effect of shear thinning reduces for Oh < 0.02 and becomes negligible for Oh = 0.0002 . Calculations at these lower Oh (lower viscosity) values require the inclusion of the nozzle region in the calculation because of penetration by an increased upward flow out of the neck [12] . Figure 4 shows the predicted evolution of drop shapes and viscosity maps for Oh = 0.2 . The more rapid approach to pinch-off as η ∞ decreases is obvious, but the differences only occur over a small time interval, consistent with Figure 3 . In each case, pinch-off is found to occur from the bottom of the neck. Yildirim et al. [13] found that pinch-off of a liquid bridge could occur from the bottom or the top of the neck, depending on the stretching speed. The viscosity maps in Figure 4 illustrate the reduction in viscosity as pinchoff of a shear-thinning fluid is approached and velocity gradients increase, especially in the neck region. Yildirim et al. [13] found a qualitatively similar outcome for the viscosity of shear-thinning liquid bridges.
The trends for Oh = 1.0 (higher zero shear viscosity) are not shown, but are similar to those in Figure 4 . Overall, pinch off occurs later than for Oh = 0.2 (as discussed for Figure 3 ) and over a longer time interval. The neck filament becomes longer than for the lower viscosity case for the same reason that pinch-off is delayed [12] . Also for the same reason, pinch-off is approached more rapidly (as for Figure 4) , and the final neck length becomes smaller, as η ∞ is reduced. 
Conclusion
A volume-of-fluid numerical method has been used to predict the shape evolution of a drop of shear thinning liquid forming at a nozzle, directed vertically downwards in air. For a Newtonian drop, the shapes predicted closely match photographic images from a corresponding experiment. For shear thinning drops, the neck radius decreases more rapidly (that is, the approach to pinchoff is more rapid), and the final neck length is shorter, than for Newtonian drops with viscosity equal to the zero shear viscosity. The effect is qualitatively similar to reducing the viscosity of a Newtonian drop, and occurs because normal viscous stresses act to reduce the liquid pressure at the neck so that reducing the viscosity increases the pressure there and hence increases drainage out of the neck. Similar results have been predicted for the related problem of shear thinning liquid bridges [13] .
